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Abstract
The dynamics of a slender, nano-particle laden droplet are examined when it is subjected to an electric ﬁeld. Under a long-wave
assumption, the governing equations are reduced to a coupled pair of nonlinear evolution equations prescribing the dynamics of the
interface and the depth-averaged particle concentration. This incorporates the eﬀects of viscous stress, capillarity, electrostatically-
induced Maxwell stress, van der Waals forces, evaporation and concentration-dependent rheology. It has previously been shown27
that electric ﬁelds can be used to suppress the ring eﬀect typically exhibited when such a droplet undergoes evaporation. We
demonstrate here that the use of electric ﬁelds aﬀords many diverse ways of controlling the droplets.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of Indian Institute of Technology, Hyderabad.
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1. Introduction
The commonly experienced ‘ring-stain’ eﬀect - the characteristic residue left behind by an evaporating coﬀee
droplet - has received signiﬁcant attention in recent times both theoretically and experimentally1,6,7,13,14,20,22,10,25,15,11,8,23,5.
This is thanks in part to its inﬂuence and impact on a wide array of industrial applications such as nanofabrication16,19,
sample manipulation2,12,18 and self-assembly24, as well as many others3,28. It has recently been shown that electric
ﬁelds can have a pronounced eﬀect on the formation (or lack thereof) of these rings9,21. However, thus far theoretical
considerations have been conﬁned to attempts to suppress this ring-stain eﬀect27; it is clear that many other opportuni-
ties are aﬀorded by these electric ﬁelds, and indeed that these opportunities are industrially relevant. We will therefore
exploit this existing model to investigate the degree of the control.
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Fig. 1. Schematic of scenario being considered. Upper surface is a grounded electrode; the potential of the bottom electrode is given as φw(x, t).
In Section 2 we formulate the problem and produce a low-order model via the use of long-wave asymptotics. In
Section 3 we demonstrate a variety of possible manipulations of these droplets. Finally we give our conclusions in
Section 4.
2. Problem Formulation
We consider a droplet of viscosity μ and density ρ deposited on an ultrathin precursor ﬁlm, resting on top of
a ﬂat horizontal substrate. A schematic is given in Figure 1. The liquid is assumed suﬃciently viscous that the
hydrodynamic portion of the problem is governed by the Stokes equations, subject to no-slip at the lower wall and
appropriate stress conditions at the interface,
∇p = μ∇2u, (1)
u|z=0 = 0, (2)
n · T · n = Π − γ∇s · n, n · T · t = t · ∇sγ. (3)
A second parallel surface above the droplet acts as a grounded electrode; the surface on which the droplet rests
has a spatiotemporally varying potential φw(x, t). The liquid and gas regions repsectively are assumed to have relative
permittivies L and G, and a conducivity ratio σR. It is assumed that the electrical conductivities in each region are
suﬃciently high that they satisfy the continuity of current at the interface, as well as equipotential there. The potentials
φL,G satisfy Laplace’s equation so that
∇2φL,G = 0, (4)
φL|z=0 = φW , φG |z=d = 0, φL|z=h = φG |z=h, (5)
σR
(
n · ∇φL
)∣∣∣∣
z=h
=
(
n · ∇φG
)∣∣∣∣
z=h
, (6)
where z = h is the position of the interface. The electrostatics enter the model via an induced Maxwell stressMe,
whose contribution to the total stress T is given by
Me = EE − 1
2
 |E|2 I. (7)
We assume a diﬀusion-limited model for the evaporative eﬀects5, induced by heating the substrate above the saturation
temperature. The temperature distribution T is assumed to be conduction dominated so that it satisﬁes Laplace’s
equation subject to a thermal ﬂux condition at the interface, and a thermal equilbrium condition at the wall,
∇2T = 0, ΔHvJ = −λn · ∇ T |z=h , T |z=0 = Tw, (8)
where ΔHv is the latent heat of vaporization, λ is the thermal conductivity, J is the evaporative ﬂux, and Tw is the
temperature of the wall. The system is closed by an appropriate interfacial condition and saturation temperature
relation, respectively
pve
pv
− 1 = 1
ρlRTs
(p − pv) + ΔHvRTs
(
Ti
Ts
− 1
)
, Ts =
2π
R
⎛⎜⎜⎜⎜⎜⎜⎜⎝ JρV ( pvepv − 1)
⎞⎟⎟⎟⎟⎟⎟⎟⎠
2
(9)
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where Ti is the interfacial temperature, R is the gas constant per unit volume, pv is the pressure of the vapor phase,
pve is the equilibrium vapor pressure, Ts is the saturation temperature and ρv is the vapor density. The droplet is taken
to contain nanoparticles of density cρ which are assumed to follow an advection-diﬀusion equation with diﬀusion
coeﬃcientD, in a low-Peclet number limit, treated with the common depth-averaging method17.
In order to make analytical progress, we exploit the fact that we are working in a long-wave regime, making appro-
priate non-dimensionalisations, together with the substitutions x = x˜/δ, C˜a = δ−3μ0V/γ0, Pe = δ−1VL/D, Eb =
δ 0φ
2
b/ (μ0VL) ,Ma = δ2σ0Ts/ (Vμ0) ,K = (2πRTs)1/2 ρlV/ (ρVΔHv) ,Δ = δ−2Vμ0/ (ρlΔHvL) , T = Ts
(
1 + δTˆ
)
,
where δ is a slenderness parameter given by the aspect ratio of the drop. This ultimately leads to the governing
equations27,
ht + ∇ ·
[
h2
2μ
(
Ma∇ (Jh) + Eb Gφwh − d∇φw
)
− 1
3μ
h3∇p
]
+ J = 0, (10)
(hc)t + ∇ ·
[
h2c
2μ
(
Ma∇ (Jh) + Eb Gφwh − d∇φw
)
− 1
3μ
h3c∇p
]
=
∇ · (h∇c)
Pe
, (11)
where J = Θ+ΔpK+h . These are solved subject to the initial conditions
h(x, y, 0) =
{
(1 − r2)3 + h∞ r ≤ 1
h∞, r > 1
(12)
hc(x, y, 0) = 0.1 × h(x, y, 0). (13)
where r2 = x2 + y2.
3. Results
It has previously been seen27 that values of Δ = 0.005, K = 0.2 and Θ = 0.2 give rise to patterns similar to
those seen experimentally, and therefore these are used throughout. These variables respectively denote the relative
signiﬁcance of pressure variation on the phase-change interfacial temperature, of interfacial kinetic eﬀects, and the
superheat. We use carefully chosen electric ﬁelds to demonstrate a variety of control mechanisms. In order to allow
the droplets to settle from their articiﬁal initial condition, we allow
Eb = E(1 − exp(−10t)). (14)
The resultant equations represent a stiﬀ, highly coupled system requiring a ﬁne spatial resolution. In order to solve
these accurately and quicky, we use a semi-implicit scheme based on the pseudolinear scheme (pL1) of Witelski &
Bowen26.
3.1. Drop splitting
We ﬁrst demonstrate the ability to cut droplets into multiple pieces. Based on previous results27,4, we know that
the ﬂuid will have a tendency to ﬂow away from areas of lower potential towards areas of higher potential. Therefore,
we start by cutting the droplet into two pieces using the ﬁeld
φw(x, y) = 1 − exp(−10x2), E = 300, d = 2.5. (15)
The resultant evolution is given in Figure 2. It is readily seen that the droplet is divided into two pieces by the ﬁeld.
This principle can be arbitrarily extended to cut droplets in more intricate ways. For example, the ﬁeld
φw(x, y) = 2 − exp(−10x2) − exp(−10y2), E = 300, d = 2.5 (16)
gives rise to the division of droplets shown in Figure 3.
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Fig. 2. Results of the two-dimensional calculations for the ﬁeld (15). The upper row gives the interfacial position h while the lower row gives the
particle distribution hc. Left: t = 0; middle: t = 0.6; right: t = 1.2. The drop initially divides into two daughter droplets. During their subsequent
evaporation, this gives rise to two independent structures for the particles; one from each daughter droplet. At higher values of Θ and lower values
of K these structures are known to become successively more ring-like. 27
Fig. 3. Results of calculations for the ﬁeld (16); interfacial position h is given. Left: t = 0; middle: t = 0.5; right: t = 1. The drop is divided into
four smaller drops.
3.2. Drop movement
We demonstrate an example of moving a droplet. From hereon, we ignore evaporative eﬀects. We use the linear
potential
φw =
Ly
2
+ y, E = 100, d = 10, (17)
where Ly is the length of the domain in the y-direction. This gives a ﬁeld that will drive ﬂuid towards positive y. We
see the results in Figure 4. As expected the droplet is moved along the domain.
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Fig. 4. Results of the two-dimensional calculations for the ﬁeld (17). Left to right: t = 0, t = 10, t = 30 and t = 50. The drop moves up across the
domain.
Fig. 5. Results of the two-dimensional calculations for the ﬁeld (18). Left: t = 25; middle: t = 54; right: t = 100. The drops move towards one
another and subsequently coalesce rapidly. Note that the ﬁnal state is not a circular droplet, due to the continued presence of the electric ﬁeld.
3.3. Drop coalescence
Given the ability to move drops arbitrarily, we can of course arrange for coalescence. We therefore change our
initial condition to have droplets centred at (−3.4, 0) and (3.4, 0). We then impose the electric ﬁeld
φw(x, y) =
Lx
2
− |x| , E = 100, d = 10 (18)
where Lx is the length of the domain in the x-direction (in this case Lx = 10). As we see in Figure 5, the eﬀect of
the electric ﬁeld is to push the two droplets towards each other until they touch, and then the two begin to coalesce
rapidly.
4. Conclusions
The three-dimensional behaviour of a nanoparticle-laden droplet has been considered under manipulation by elec-
tric ﬁelds.
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A long-wave approximation has been applied to derive a low-order model prescribing the behaviour of the droplet,
incorporating the eﬀects of concentration-dependent viscosity, capillarity, Marangoni stress and Maxwell stress. The
resultant equations have been solved using an operator-splitting technique.
Via the use of appropriately chosen electric potentials, we have shown that droplets can be divided up or moved
around, allowing for delicate active control scenarios, including potentially inducing coalescence.
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